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Goal: Find optimal observation points in time following a model-based approach
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Model Assumptions

We assume the nonlinear regression model

Y ti = f (ti , θ) +

ti∫
0

σ(s)dεs , i = 1, . . . n, 0 < a = t1 < ... < tn = b

Y Observable process

f Regression function

θ Unknown regression parameter, θ ∈ Rp

σ Square-integrable variance function

ε Brownian Motion

Xn Design space {(t1, . . . , tn)|a = t1 < ... < tn = b}

Goal: Choose observation times to optimally estimate θ

Challenge: Handle dependent errors
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Optimal Design Theory for Independent Errors

Determine Fisher information matrix of design d = (t1, . . . , tn) ∈ Xn

Mn(θ; d) =
n∑

i=1

Eθ

[(
d

dθ
ℓ(Yti , ti , θ)

)(
d

dθ
ℓ(Yti , ti , θ)

)⊤
]

with ℓ denoting the log-likelihood function of Y = (Yt1 , . . . ,Ytn)
⊤

Optimal design theory: A design d∗ = (t∗1 , . . . , t
∗
n) is ϕ-optimal if it minimizes function

ϕ(Mn(θ; d)) for all d = (t1, . . . , tn) ∈ Xn, i.e.

ϕ(Mn(θ; d
∗)) ≤ ϕ(Mn(θ; d)) ∀d ∈ Xn
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Optimal Design for Dependent Errors

▶ Independent errors: d 7→ ϕ(Mn(θ; d)) is convex

▶ Dependent errors: ϕ(Mn(θ; d)) is not convex

We look for a different approach for the dependent case

Our plan: Construct a new optimality criterion ϕ, still depending on Fisher information

matrices
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Continuous-Time Model
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Figure 1: Discrete-time regression model

Yti = f (ti , θ) +

ti∫
0

σ(s)dεs , i = 1, . . . n, (t1, ..., tn) ∈ Xn
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Figure 2: Discrete-time vs. continuous-time regression model

Yt = f (t, θ) +

t∫
0

σ(s)dεs , t ∈ [a, b]
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Our Approach: Approximate Continuous-Time Setting

Minimize the distance between the inverse Fisher information of the discrete model

(Mn(d , θ)) and continuous model (M(θ))

d∗ = (t∗1 , . . . , t
∗
n) = argmin

d∈Xn

∥M−1
n (d , θ)−M−1(θ)∥2F (1)

with Frobenius norm

∥M∥F =

√√√√ p∑
i=1

p∑
j=1

|mij |2 =
√

trace (M⊤M) for M ∈ Rp×p

To Do:

1. Derive likelihood and Fisher information for both frameworks

2. Implement optimality criterion ϕ(d) = ∥M−1
n (d , θ)−M−1(θ)∥2F in (1) in R

8



Discrete-Time Model: Likelihood

Re-write the model using differences:

Z1 =: Yt1 = f (a, θ) +

∫ a

0
σ(s)dεs ,

Zi =: Yti − Yti−1 = f (ti , θ)− f (ti−1, θ)︸ ︷︷ ︸
=:g(ti ,θ)

+

∫ ti

ti−1

σ(s)dεs︸ ︷︷ ︸
=:ηi

, i = 2, . . . , n.

Apply properties of Brownian Motion:

▶ ηi ∼ N
(
0,
∫ ti
ti−1

σ(s)2ds
)
are independent increments

▶ Zi ∼ N
(
g(ti , θ),

∫ ti
ti−1

σ(s)2ds
)

▶ Z1 ∼ N
(
f (a, θ),

∫ a
0 σ(s)2ds

)
▶ Z1,Z2, ... are independent

⇒ Calculate the log-likelihood function of Z = (Z1,Z2, . . . ,Zn)
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Fisher Information Matrices

Discrete-time: with some straightforward calculations:

Mn(d , θ)

=
n∑

i=2

1
ti∫

ti−1

σ(s)2ds

(
d
dθg(ti , θ)

) (
d
dθg(ti , θ)

)⊤
+

( d
dθ

f (a,θ))( d
dθ

f (a,θ))
⊤

a∫
0

σ(s)2ds

Continuous-time: Identify differences with stochastic differential equations

Calculate with Itô integrals:

M(θ)

=
b∫
a

(
d
dθ

d
dt
f (t,θ)

σ(t)

)(
d
dθ

d
dt
f (t,θ)

σ(t)

)⊤
dt +

( d
dθ

f (a,θ))( d
dθ

f (a,θ))
⊤

a∫
0

σ(s)2ds
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Fisher Information Matrices

Discrete-time: with some straightforward calculations:

Mn(d , θ)

σ(t)=1
=

n∑
i=2

(ti − ti−1)

(
d
dθ

g(ti ,θ)

ti−ti−1

)(
d
dθ

g(ti ,θ)

ti−ti−1

)⊤
+

( d
dθ

f (a,θ))( d
dθ

f (a,θ))
⊤

a

Continuous-time: Identify differences with stochastic differential equations

Calculate with Itô integrals:

M(θ)

σ(t)=1
=

b∫
a

(
d
dθ

d
dt f (t, θ)

) (
d
dθ

d
dt f (t, θ)

)⊤
dt +

( d
dθ

f (a,θ))( d
dθ

f (a,θ))
⊤

a
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Optimality Criterion

We showed with the Cauchy–Schwarz inequality that

Mn(d , θ) ≤L M(θ) ∀d ∈ Xn

Furthermore, with Riemann sums:

Mn(d , θ) →
n→∞

M(θ)

Therefore, the function ϕ is a reasonable optimality criterion:

ϕ(d) = ϕ(d , θ) = ∥M−1
n (d , θ)−M−1(θ)∥2F

A design d∗ = (t1, . . . , tn) ∈ Xn is ϕ-optimal if and only if

d∗ = argmin
d∈Xn

ϕ(d) = argmin
d∈Xn

∥M−1
n (d , θ)−M−1(θ)∥2F
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Optimality Criterion

Problem: The function ϕ(d) is non-convex and the corresponding optimal design

difficult to compute analytically

Approach:
1 Use metaheuristic algorithm (GenSA) to compute candidate d∗.

2 Determine partial derivative of ϕ(d):

d

dti
ϕ(d) =

d

dti
ϕ(t1, . . . , tn) =

d

dti
∥M−1

n (d , θ)−M−1(θ)∥2F

= trace

{
d

dti

(
M−1

n (d , θ)−M−1(θ)
)2}

= trace

{
2M−1

n (d , θ)
(
M−1(θ)−M−1

n (d , θ)
)
M−1

n (d , θ)
dMn(d , θ)

dti

}
3 Derive necessary condition to check optimality of d∗: If d∗ = (t∗1 , . . . , t

∗
n) ∈ Xn is

optimal, it holds d
dti

ϕ(d∗) = 0 for all i ∈ {2, . . . , n − 1}
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Simulation Study: Setup and Designs for n = 4

Emax-Model Logistic-Model

f (t, θ) = E0 + Emax
t

EC50+t f (t, θ) = E0 + Emax
exp(α+β log(t))

1+exp(α+β log(t))

θ = (E0,Emax,EC50) = (0, 100, 3) θ = (E0,Emax, α, β) = (0, 100,−4.03, 1.32)

σ(s)2 = 1.5 σ(s)2 = log(0.1s + 2)

[a, b] = [1, 10] [a, b] = [1, 80]
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Simulation Study: Setup and Designs for n = 4

Emax-Model Logistic-Model
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1+exp(α+β log(t))
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σ(s)2 = 1.5 σ(s)2 = log(0.1s + 2)

[a, b] = [1, 10] [a, b] = [1, 80]

Optimal designs fulfill d
dti

ϕ(d∗) = 0 for all i ∈ {2, . . . , n − 1}

Estimator: MLE θ̂MLE calculated using Generative Simulated Annealing

Main question to be answered on 15.000 simulated datasets for n ∈ {4, . . . , 9}:

▶ Does our design improve the estimator’s MSE?
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Simulation Study: Emax Model
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Simulation Study: Logistic Model
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Summary and Outlook

The (locally) optimal design (based on ϕ) improves the parameter estimator’s MSE

Further results are available for other matrix norms (square root distance and

Procrustes distance)

Future research:

Parameter estimation in models with a parametric variance function

Yti = f (ti , θ) +

∫ ti

0
σ(s, γ)εs

Designs that are less sensitive towards parameter misspecification

▶ Study robustness of locally optimal designs in simulations

▶ Bayesian designs, adaptive designs, ...

Extend theory to optimal designs in space and time
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Parameter Estimation

MLE MLE on linearized model

Linearize with Taylor approximation:

Zi = g(ti , θ) + ηi

E.g. with Generative Simulated Annealing:

Analytically derive linearized MLE:

θ̂MLE = argmax
θ

ℓ(Z , d , θ)

θ̂LIN = θ0 +M−1
n (θ0; d)

d
dθ
ℓ(Z , d , θ0)

+ Feasible in practice + Unbiased and efficient

− Numerically challenging − Infeasible in practice

− Time-consuming ⇒ Use as benchmark
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Simulation Study: Emax Model
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